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Abstract. A simulation model is presented which computes the dynamics of forest growth 
XeFtlie influence of air pollution. Modelling is performed with the help of system 
diagrams representing nonlinear differential equations. The simulation results indicate 
a possible catastrophic breakdown of trees and forest ecosystems as a result of super- 
critical (constant, but long-term) pollution stress. The numerical results can be 
proved by analytical stability methods. 
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INTRODUCTION 
Within the last five years, increasing fractions of 
German forests have shown symptoms of disease up to 
a damage of nearly 50 per cent of the total forest- 
ed area in 1984. Today all forest experts agree 
that air pollutants (502. NOx. O3 and others) are 
responsible for forest damage as primary stress 
factors. But it is still not understood, why at 
nearly constant output of pollutants in the F.R.G. 
and other European countries the collaose of fo- 
rests accelerates with such an explosive vehemence. 
Althouqh mathematical modelling of plant ohysiolo- 
qy, photosynthesis and productivity of plants is 
alreadv standard fT11. I211. onlv few studies have 
been p;blished includ;ng modelling and simulation 
of pollutions effects on trees or forest ecosys- 
tems (see f.e. [31, [41). 
This paper provides a simulation model of a forest 
influenced by direct atmospheric pollution and 
acidification of the forest soil. In the model sys- 
tem, a forest tree is represented by its amounts 
of leaves, fine roots, wooden biomass and assimi- 
lates which are state variables of a dynamical sys- 
tem. We are interested in their dynamical develop- 
ment depending on pollution parameters. 
Presenting a reduced version of the oriqinal model 
system [51, this paper concentrates on photosyn- 
thesis and the development of fine roots. both 
affected by air pollutants and acid precipitation. 
Depending on the degree of pollution, simulation 
results exhibit bifurcation into normal, subcriti- 
cal and supercritical growth of forest trees, the 
last one being terminated by a sudden "dieback" of 
all state variables. These experimental results 
can be proved by analytical methods. 
STRUCTURE OF THE MODEL SYSTEM 
The forest model [51 simulates the major components 
of a forest ecosystem influenced by air pollution. 
The coarse structure of the model results from dif- 
ferent kinds of interactions between a forest (re- 
presented by an average tree) and atmosphere or 
soil. The boundary between a tree and atmosphere 
is thought as a cover, turned over the tree and 
reaching down to the ground. Influences of weather, 
climate and emissions are modelled as exogenous 
functions of temoerature, daylength and air oollu- 
tants. 
The interrelations between a tree and soil processes 
are rather different from those between tree and 
atmosphere. In fact, trees remove nitroqen and 
water from the soil, while their decomposed organic 
fall increases the su~oly of plant-available nitro- 
gen in the soil. As a whole, these orocesses con- 
stitute a complex dynamical system of four inter- 
acting submodels: tree, soil water, soil nitrogen 
and soil chemistry (Fig. 1). The flow in the sub- 
model tree mainly depends on the rate of net pho- 
tosynthesis modelled as a function of seasonal in- 
fluences (temperature and daylength) and suoply 
of nutrients and water. In the model. ohotosvnthe- 
sis is directly affected by air pollutants.-ihe 
forest soil processes are subdivided into three 
different functions: soil nitrogen describes the 
decomposition of organic matter into plant-avai- 
lable nitrogen. The submodel soil water computes 
the chanqe of soil moisture in the course of a year 
dependinq on precipitation; transpiration, evapo- 
ration and soil structure. The chemical processes 
in the forest soil are simulated by the submodel 
soil chemistry: Acid precioitation, modelled as an 
inout of hydrogen ions into the soil. reduces the 
pH-level of the soil and thus causes a reinforced 
decay of fine roots in the submodel tree (see [51 
and 171). 
SOME REMARKS ON MODELLING 
Modelling is based on the classical 'System Dyna- 
mics' aporoach, that means, it realizes a level- 
rate-conceot and uses a graohic representation as 
modelling language. Models are represented by 
graphs, consistinq of blocks and weighted connec- 
tions between them (Fig. 2). Each block, symbolized 
either by a circle, a rectanqle or a rhombus, per- 
forms a mathematical operation such as inteqration 
(type: int). addition (add), multiplicationV(mul). 
interpolation in tables (tab), limitation (lim) or 
logical decision (switchl. Its actual output value 
is-computed by applying the mathematical operation 
on its input values, eventually controlled by para- 
meters such as bounds for limiters. Each input 
value is computed by multiplyinq the output of its 
source block with the weight factor of the asso- 
ciated connection. 
The most important block type is the integrator 
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(rectangle). Its output is computed by performinq 
at each simulation step an Euler or a Runqe-Kutta- 
integration step. Consequently, each integrator re- 
presents a state variable of the corresponding dif- 
ferential equation system. The block diagrams are 
used directly as input for the computer simulation. 
They need not be transformed into difference equa- 
tions as known from the simulation language DYNAMO. 
An aopropriate sequence of the blocks for compu- 
tation is automatically generated by the simulation 
system. 
We use the simulation system DYSS (Dynamic System 
Simulation 171); it is written in standard PASCAL 
and therefore can be compiled as well on micro 
computers as on mainframes, Since all data struc- 
tures at runtime are organized dynamically as 
linked lists, there is only a difference in the 
amount of available memory and in speed. 
MODELLING OF POLLUTION EFFECTS 
The tree model represents the major life functions 
of a spruce fir by its amounts of leaves (state 
variable LEAF), fine roots (ROOT), wooden biomass 
(BIOM) and assimilates (ASSI). Further, by growth 
rates, loss rates and auxiliary variables (f.e. 
efficiency), interacting between the state variab- 
les (Fig. 2). The rates as well depend on external 
forces (temperature, daylength) as on uptake of 
nutrients (nitrogen) and water from the soil. They 
are influenced by atmospheric pollution and soil 
acidification. 
In the model, the assimilate pool (a non-visible 
state variable) increases by the rate of net photo- 
synthesis. Assimilates are consumed by respiration 
and by the growth rates of leaves, fine roots and 
wooden biomass. Consequently, growth and maintenan- 
ce processes of the tree depend on the level of 
its assimilate pool; further existence of the mo- 
del tree will become critical, if the current 
amount of assimilates is not sufficient for growth 
of leaves and roots or for respiration processes. 
Effects of pollutants enter the model on two diffe- 
rent paths: Atmospheric pollution decreases the abi- 
lity of needles to produce assimilates (direct in- 
fluence on net photosynthesis), Further, the atmos- 
oheric oollution reduces the average lifesoan of 
needles (normally 5 - 8 years), causing an accele- 
rated loss of needles. Soil acidification multi- 
plies the (normal) loss rate of the fine roots as 
a consequence of low ptl-levels in the forest soil. 
Detailled modelling of the effects of atmospheric 
pollution and soil acidification will be discussed 
now, considering those parts of the tree model 
that interconnect the system of fine roots and the 
process of ohotosynthesis. Modelling uses the 
qraphical formalism of the simulation language 
DYSS, that means, flows of material and information 
are realized by blocks and weighted connections 
between them. 
The center of the simulation diagram (Fig, 2) is 
the integrator ROOT. It calculates the current 
amount of fine roots starting from an initial value 
of 7 tons (7 alO3 kg) organic dry matter per hec- 
tare. The annual loss of fine roots RLOSS is com- 
outed as the product of ROOT and a loss number 
ACID which depends on the pH-level of the soil 
(table ACID, Aopendix). ACID is equal to 1 at nor- 
mal conditions. In case of soil acidification, 
assumed at pH < 3.8, ACID is greater than 1 and in- 
creases root loss. To achieve an exchange of fine 
roots once a year, the growth rate GRRT of fine 
roots directly depends on root loss. But the logi- 
caltswitch LRT'allows root growth only at tempera- 
tures above 6oC. The resulting disproportion of 
annual loss and growth of fine roots is compensa- 
ted by the weight factor 1.625 (reciprocal value 
of that part of a year with an average temperature 
above 6'C). Furthermore, the growth rate of fine 
roots is modified by internal control factors: 
CNIT is restricting growth of fine roots at short- 
age of soil nitrogen, CASS restricts at shortage 
of assimilates (for definition of CASS see Appen- 
dix). The block CPHN is comparing demand and supply 
of water for the net photosynthesis PHN. Multipli- 
cation of PHN with the transpiration coefficient 
241Lkg H20/kg assimilates] yields the annual demand 
of water for photosynthesis. The corresoondinq supp- 
ly of water is computed by weighting the connection 
ROOT -) CPHN by ZODO[kg H2O/(kg roots .year)l. The 
quotient CPHN of both water amounts fits the amount 
of fine roots to the rate of photosynthesis by cor- 
recting its growth rate. Usinq the same comoarison, 
the limiter CRT decreases net photosynthesis rate 
in case of failing fine roots: PROD =CRT .PHN , 
O<CRT <1 . - - 
The rate of net photosynthesis PHN is proportional 
to the actual value of the integrator LEAF. The 
corresponding weight factor 24[kg assimilates/ 
(kq needles -year)1 may be interpreted as net ohoto- 
synthesis rate of needles at optimal conditions. 
Daylength (CLUY. =1/2 +1/6 sin(2nT -n/2) E[1/3, Z/31, 
T : time) and temperature (table CTEM, Appendix) 
restrict this optimum. 
Further, the efficiency EFF of needles, their abili- 
ty to produce assimilates, reduces the rate of net 
photosynthesis, In the model, EFF depends on atmos- 
pheric pollution (SO2 or any other oollutant) 
accordinq to the equations 
d POLL/dT = POLS - POLL, POLL(O) = 0 (I) 
EFF = 1 - 0.4(1+POLL) . (2) 
POLS is a linear (table) function, transforming the 
input concentrations of sulfur dioxide into the in- 
terval IO,11 (see Apoendix), According to (l), the 
integrator POLL realizes an exponential time delay 
of pollution. The output of POLL increases the 
aging of needles (AGE=ltPOLL, POLL610,ll) and 
therefore reduces the mean efficiency (2) of nee- 
dles. Normally, the mean efficiency is 60 '% = 
l-0.4, as needles are thrown down at 20 % effi- 
ciency. As a consequence of (Z), ohotosynthesis 
rate may decrease to almost l/3 of its normal value 
at high oollution stress. 
As a consequence, the close interaction of photo- 
synthesis and development of fine roots causes a 
transfer of damaqe as supposed by forest scientists 
(131, pp. 55): 
(a) The decrease of the fine root system is either 
related to direct damage of the soil or regar- 
ded as a result of reduced suoply of assimila- 
tion products because of destruction of needles 
by air pollutants. 
(b) The reduction of photosynthesis rate is either 
related to direct influence of air pollutants 
or regarded as a consequence of reduced supply 
of water at failing fine roots. 
SIMULATION RESULTS 
Resulting from different environmental input con- 
ditions, simulation runs of the tree model produce 
a spectrum of possible forest developments. Looking 
at the timeqraphs of the state variables LEAF 
(leaves). ROOT (fine roots), ASS1 (assimilates) and 
BIOM (wooden biomass), the tree model already exhi- 
bits all typical reactions to pollution effects, 
that can be observed when simulating the comolete 
forest model includinq soil orocesses (see 151). 
Taking initial values of a 60-years-old spruce 
stand, Fig. 3 shows the results of a simulation run 
with normal conditions, i.e., SO2 = 0 and 
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pH > 3.8 (AC13 = l).. The simulation period is 
twenty years, step size is one week. System equa- 
tions, initial values, constants and tables are 
listed up in the Appendix. 
After a short oeriod of swinging in. seasonally 
oscillating assimilates are reflecting the depen- 
dence of photosynthesis rate on light (daylength) and 
temperature. Wooden biomass is growing almost linear- 
ly, its growth rate is about six tons per hectare 
and year in agreement with forestry data. The values 
of the state variables LEAF and ROOT are also in- 
creasing, but with seasonal oscillations, Realized 
in the model by a logical switch, new needles are 
growing only within nine weeks every year, resul- 
ting in a heavy drop down of assimilates at the 
same time. During the remaining time of a year, LEAF 
decreases dependent on its natural loss. The devel- 
opment of fine roots is almost symmetrical. because 
growth of roots is possible within a longer period 
of a year (TEMP >6OC in Fig, 2). Neglecting seaso- 
nal oscillations, simulation results over twenty 
years at normal conditions (no pollution and no 
acidification effects) yield almost linearly increa- 
sing amounts of leaves, fine roots. wooden biomass 
and assimilates. Longer simulation runs shows that 
the assimilates tend to an equilibrium of about ten 
tons per hectare. 
Compared with the normal-condition-simulation, the 
concentration of the representative pollutant SO2 
has been raised up to the amount of 90 ug/m3 in 
Fig. 4(a). Simulation results of the first eight 
years show almost normal buildup of wooden biomass 
but decreasing assimilates. Again the assimilates 
find an equilibrium, but now on a lower level of 
about three tons per hectare. As a consequence, the 
growth rates of leaves, fine roots and wooden bio- 
mass are just able to compensate their losses. The 
system cannot grow normally. but it survives on a 
lower level. Concentrations of pollutants, resul- 
ting in system's survival on a lower level (compared 
with normal growth), may be called subcritical pollu- 
tions. Fig. 4(b) oresents a 40-years-simulation run 
with a yet subcritical SO*-concentration of 100ug/m3. 
Similar results can he achieved. when simulating 
soil acidification with pH-values greater than 3.0. 
Simulation of 502=102.5 ug/m3 over a period of 40 
years results in a similar (subcritical) system be- 
haviour within the first twenty years (Fig. 5). Then 
a sudden breakdown is observed, The computed values 
of fine roots, leaves and wooden biomass drop down 
to zero within one or two years. The production of 
assimilates, strongly reduced by pollution stress, 
is not able to compensate the loss rates of fine 
roots and leaves, which by themselves are highly 
increased by damage. The SO*-concentration of 
102.5 vg/m3, resulting in system's dieback, is su- 
percritical. At higher amounts of SO2. breakdown 
will be observed earlier. A similar supercritical 
system behaviour is achieved at soil acidification 
only (SO2 =O, pH =2.998). Again the rate of photo- 
synthesis is reduced, but now as a primary conse- 
quence of injured fine roots. 
STABILITY DEPENDING ON THRESHOLD BEHAVIOUR 
Various simulation runs of the tree model with in- 
creasing concentrations of air pollutants (or de- 
creasing pH-levels) approximately determine a cri- 
tical pollution limit. Concentrations of air pollu- 
tants below the critical limit (subcritical pollu- 
tions) result in reduced growth rates of all state 
variables, but the model forest is able to survive 
on a lower level compared with normal growth, At 
supercritical pollution stress just above the cri- 
tical limit, system behaviour at first differs only 
a little from subcritical cases in the neiqhbour- 
hood. But many years after starting simulation, a 
sudden breakdown occurs. The time of the breakdown 
will be earlier at higher amounts of pollutants. 
This characteristic breakdown cannot be observed 
for subcritical pollutions, even if simulations run 
unrealistic periods of more than two hundred years. 
The reason is that the behaviour of the tree model 
mainly depends on whether the corrector CRT of 
photosynthesis to the actual amount of fine roots 
(c.f. Apoendix and Fig. 2) is above or below the 
critical level CRT = 1. 
For analytical studies the discussed model has been 
transformed into a plane autonomous averaqed tree 
model. It depends on a pollution oarameter 
x E [0,1.51 for atmospheric pollution. It has been 
derived from the tree model (documented in the 
Appendix) at constant biomass, by replacing time- 
dependent tables by their averages and, consequent- 
ly, neqlecting time-dependent weight factors. 
If CRT < 1, the trajectories of the plane model 
are solutions of the autonomous system (1 : leaves, 
r : fine roots) 
i = 
$I 12+$21tkor 
co+*5 ’ 
r= 
Ji312+$41 r-car 
co+*5 ’ 
(la) 
(3b) 
(cO,ko constant) which depends on h via qi =$~~(a), 
i=l ,...,5 [IO]. 
Respectively, if CRT > 1, we have 
i = 
*I 12+x21tmor 
co++5 ’ 
2 
i= 
x3 1 +x41 r-co' 
co+$5 ’ 
(4a) 
(4b) 
where m. is a constant too, and xi (i=2,3,4) de- 
pend on h. 
H. Krieger has shown in [lil, that (3) has two 
equilibria (0,O) and (lI(h),rI(h)) E IR'x IR'. 
Further, that (0,O) is a stable node and (lI,rI) 
is a saddle point for x E [0,1.5). In case of 
(4), there are also two equilibria (0.0) and 
(12(1),r2(X)) E !R2.And there exists a critical 
parameter value X* (J 0.65, at which stability 
changes for both equilibrium points from a saddle 
(X < x*) to a stable node (for (O,O)), respective- 
ly from a stable node to a saddle [ill. 
For h = 0.3, Fig. 6(a) gives an example of a solu- 
tion (l(t),r(t)). startinq at (lo,ro) = (18.7). 
First,it is attracted by the nontrivial equilibrium 
(12("),r2(x)) of (4). When approaching (12,r2), 
the trajectory crosses the border line $51 * r. 
At this moment the attractor (0,O) of (3) be- 
comes effective and the trajectory tends to (0,O). 
Fiq. 6(b) shows the solution curve l(t) belonging 
to Fig. 6(a). These results will be discussed in 
more detail in [lo]. 
CONCLUSION 
The simulation results presented belong to a theo- 
retical model forest and must not be transformed 
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into practical forecasts about real existinq spruce 
stands. System parameters and table functions have 
been derived from a multitude of different exoeri- 
mental situations [51. But simulation experiments 
show that the main qualitative statements within 
wide ranges do not depend on specifications of pa- 
rameters and table functions resulting from those 
data. These main statements may be summarized as 
follows: 
(a) Pollution stress either damaging leaves or fine 
roots results in equal reactions of the model 
system. 
(b) Constant, but long-term pollution stress may 
cause a sudden drop down of all state variables 
many years after starting pollution input. 
The first consequence of the model closely corres- 
ponds to latest forestry observations ([8], [9]). 
The second result obviously coincides with reality. 
Many of the detailed mechanisms of dying of spruce 
fir forests are still unknown and have been replaced 
in the model by simple causal connections (ACID, 
POLL, CASS, CRSP; see Appendix). Nevertheless, the 
model provides an acceptable theoretical instrument 
to oredict the dynamical behaviour of air oolluted 
forests. A study is projected to improve its in- 
complete data base for concrete applications. 
APPENDIX: Model equations of the tree model 
levels (in t. ha-I) : 
d POLL/dT = POCS - POLL 
d LEAF/dT = GRLF - (LAC +LRTtLPL +2 LRSP) 
d ROOT/dT = GRRT - (RLOSS t2 RRSP) 
d BIOM/dT = ASS1 - (BLOSS +BRSP) 
dASSI/dT = REST - (GRLF +GRRT+ASSI) 
initial values: POLL(O) = 0, LEAF(O) = 21, 
ROOT(O) = 7, BIOM(0) = 322, ASSI(0) = 15. 
-1 -1 rates (in t* ha . a , a : year): 
GRLF = l.lCASS. ADLF (CNIT := 1.1) 
GRRT = l.lCASS. ADRT 
LAC = NAC-I 
7[al 
average lifespan of needles 
24 [kgASSI/(kgLEAF. a)] 
optimal net photosynthesis rate 
241 IkgH20/kgASSI] 
transpiration coefficient 
2000 [kgH O/(kgROOT. a)1 
water supp y coefficient 21 
0.05 [kgASSI/(kgBIOM. a)1 
specific respiration of biomass 
1.5 [kgASSI/(kgLEAF. a)1 
specific dark respiration of leaves 
2.0 [kgASSI/(kgROOT. a)1 
specific respiration of roots 
lo[“cl 
minimum temperature for leaf growth 
= 6['C] 
minimum temperature for root growth 
tables: 
BIOM[t/ha] 
0 
1.15 
2.875 
4.6 
5.75 
7.25 
I;.25 
40 
75 
115 
230 
1150 
FRLF[-] TYI-I ~- 
0.5 0 
0.5 0.058 
0.45 0.135 
0.3 0.212 
0.25 0.308 
0.2 0.385 
0.175 0.462 
0.15 0.558 
0.12 0.635 
0.1 0.731 
0.0825 0.808 
0.0625 0.885 
0.0425 0.981 
0.999 
TEMP['C] *) 
0.7 
i.8 
4.6 
8.8 
13.2 
16.4 
17.8 
17.3 
14.2 
9.1 
4.9 
1.5 
0.7 
*) monthly means of Kassel, F.R. Germany 
nomenclature 
ACID 
ADLF 
ADRT 
AGE 
ASS1 
BIOM 
BLOSS 
BRSP 
CASS 
CLUX 
CNIT 
CPHN 
root loss number by soil acidification 
demand of assimilates for leaf growth 
demand of assimilates for root growth 
additional aging of needles by air 
pollution 
actual amount of assimilates 
actual amount of wooden biomass 
natural loss of biomass 
loss of biomass by lacking assimilates 
for respiration 
correcting factor at lacking assimi- 
lates for growth 
day length 
influence of nitrogen uptake 
influence of photosynthesis rate on 
root growth 
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CRSP 
CRT 
CTEM 
EFF 
FRLF 
GRLF 
GRRT 
LAC 
LEAF 
LPL 
LRSP 
LRT 
NAC 
NDL 
NOLF 
PHN 
POLL 
POLS 
PROD 
REST 
RLOSS 
ROOT 
RRSP 
RSP 
TEMP 
TY 
correcting factor at lacking assimilates for 
respiration 
corrector of photosynthesis to the actual 
amount of roots 
correction of optimal photosynthesis rate by 
temperature 
efficiency of needles 
leaf fraction of the total biomass 
annual growth of leaves (one age-class) 
annual growth of fine roots 
normal annual loss of leaves (one age-class) 
actual amount of leaves 
additional loss of leaves by air pollution 
loss of leaves at lacking assimilates for 
respiration 
loss of leaves at lacking water 
number of age-classes of needles 
fraction of undamaged needles 
normal amount of leaves depending on biomass 
net photosynthesis rate 
actual amount of pollution 
degree of atmospheric pollution stress (nor- 
malized to [O,ll) 
real net photosynthesis (corrected by water 
supply) 
rate of assimilates available for growth 
loss of roots 
actual amount of fine roots 
additional loss of roots by lacking assimi- 
lates for resoiration 
rate of respiration 
temperature 
time of the year 
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Fig. 1: Interacting submodels (strongly simplified) 
L 111 
Fig. 2: Simulation diagram of ohotosynthesis 
and fine roots 
AIR POLLUTED FOREST ECOSYSTEMS 
Fig. 3: Normal growth: 
-- (a) wooden biomass and assimjlates 
(b) leaves and roots 
Fig. 4: Subcritical air pollutions: 
(a) $02 = 90 uglm3; pH = 5; 20 years 
(b) 502 = 100 ug/m3; pH = 5; 40 years 
Fig. 5: Supercritical air pollution: 
- SO2 = 102.5 ,g/m3; pH = 5 
Fig. 6a: Supercritical air pollution: 
x = 0.29 * l/r-space for the 
autonomous averaged tree model 
Fia. 6b: Timegraph l(t) for t E [O,ZO] .---_ 
bclonginq to 6a 
